Abstract-This letter investigates the non-coherent Direction of Arrival (DOA) estimation problem dealing with the DOA estimation from magnitude only measurements of the array output. The magnitude squared of the array output is expanded as a superposition of some harmonics. Hence, a frequency estimation approach is used to find some nonlinear relations between DOAs, which results in inherent ambiguities. To solve the nonlinear equations and resolve the ambiguities, we assume a high amplitude reference target at low angles to estimate the true DOA's with no ambiguities. However, the proposed algorithm requires a large number of antenna array elements to accurately estimate the DOA's. To overcome this drawback, and to enhance the estimation accuracy, we suggest two variants of the algorithm. One is to add virtual elements in the array and the second is to integrate multiple snapshots. Simulation results show that the proposed frequency estimation-based algorithm outperforms the non-coherent GESPAR algorithm in the low signal to noise ratio (SNR) regime and it is two orders of magnitude faster than the non-coherent GESPAR algorithm.
I. INTRODUCTION

D
IRECTION of arrival (DOA) estimation is a classical problem in signal processing with a variety of practical applications [1] - [3] . In the literature, some conventional algorithms [4] , [5] , [12] and sparsity-based algorithms [6] - [10] have been proposed for DOA estimation. However, all these algorithms rely on the available ideal phase synchronization (at the elements of the array), which is difficult to achieve in practice. This letter focuses on the problem of non-coherent DOA estimation which is recently proposed in the literature by Kim et al. [11] . In this problem, the DOA estimation is performed based on magnitude only measurements of the array output. This is very effective when the phase errors are present at array element level or the phase synchronization does not exist. Phase synchronization is usually difficult to achieve, specially in phased array radars. To eliminate the sensitivity of the classical DOA estimation algorithms such as MUSIC [12] and ESPRIT [13] to phase errors, an algorithm based on phase retrieval is suggested in [11] . To estimate the DOAs, the authors used a modified version of a phase retrieval algorithm called GESPAR [14] . To resolve the inherent ambiguities of the problem, they used a reference target at low angles which is capable of solving the ambiguities for the single H. Zayyani is with the Department of Electrical and Computer Engineering, Qom University of Technology, Qom, Iran (e-mail: zayyani@qut.ac.ir).
M. Korki is with School of Software and Electrical Engineering, Swinburne University of Technology, Hawthorn, Vic. 3122, Australia (e-mail: mkorki@swin.edu.au). target scenario. In the context of multiple targets scenario, they suggested to use multiple reference targets to reduce the ambiguities. Recently, Jiang et al. presented the exact formula for approximate maximum likelihood estimation of the problem in the case of single target scenario [15] . They also calculated the Cramer-Rao Bound (CRB) for the noncoherent DOA estimation in the single target scenario.
In this letter, we expand the expression of magnitude squared of the array signal output. Assuming the array element index as a time index, the signal in terms of element index can be considered as a superposition of some harmonics. Hence, a simple harmonic analysis tool such as FFT analysis can recover the above mentioned multiple harmonics. Extracting the frequency of these harmonics results in
2 nonlinear equations of the unknown DOAs where K is the number of targets. To solve these nonlinear equations and also to resolve the ambiguity arises in these equations, we propose a simple practical solution. We use only one high amplitude reference target at low angles. In fact, we reduce the number of nonlinear equations to K, and thus we just use K largest peaks of the spectrum. By this practical trick, we can estimate the true DOAs and resolve the ambiguity arises in the nonlinear equations. The main drawback of this approach is that it requires many array elements to form the spatial signal. To combat this drawback, we virtually add some elements to the array by simple classical sampling techniques. Moreover, one advantage of the proposed technique is that it only requires one snap shot. To further extend the proposed method to exploit the multiple snap shots and increase the accuracy of DOA estimations, we also suggest to coherently integrate the multiple snap shots similar to those methods in radar signal processing.
To resolve the ambiguities in multiple targets scenario, we propose to utilize a high amplitude reference target at low angles. This is an advantage compared to the method in [11] , where the multiple reference targets have been suggested intuitively to resolve the ambiguities. Simulation results show the superiority of the proposed algorithm over the non-coherent GESPAR [11] for the low SNR regime (SN R < 10 dB). Simulation results also verify that the proposed algorithm is about two orders of magnitude faster than non-coherent GESPAR algorithm.
II. THE PROBLEM FORMULATION
Consider a linear array of N elements at locations z n = nd where n = 0, 1, ..., N −1 and d is the spacing distance between two adjacent elements. Consider K sources in direction angles of θ k , k = 1, · · · , K in far-field, impinging independent narrowband signals x k (t), k = 1, · · · , K on an array in an isometric environment. For the i'th target, the received signal at n'th sensor is x n,i (t) = |x n,i (t)|e j(znΨi(t)+γn,i(t)) where |x n,i (t)| is the received amplitude, Ψ i (t) = 2π λ cos(θ i (t)), and γ n,i (t) is the phase error. Hence, the received signal at the n'th sensor is
where |x n,i (t)| are unknown amplitudes and γ n,i (t) are unknown phase errors. We aim to estimate the direction of arrivals θ i from the magnitude only measurements (i.e. |y n (t)| 2 ) of the array outputs. Intentionally, we do not use the classical matrix form of (1) which is found in the literature and mostly used for sparse recovery-based approaches for coherent DOA estimation [11] , [8] , [16] .
III. FREQUENCY ESTIMATION-BASED ALGORITHM
A. Basic Idea
If we consider the magnitude squared of the array output as a function of time index, it is composed of some harmonics, each of which is related to cross terms of two available targets. Considering a specific time index and omitting some unnecessary subscripts, we have the magnitude squared signal as
where the time index t is omitted for simplicity. Writing |y n | 2 = y n y * n , with some simple calculations, we have:
where a n consists of a dc term and
harmonic terms, each of which is related to a cross term of two available targets. Each harmonic term has a normalized frequency given bỹ
If we use a frequency estimation tool to find these frequencies (e.g, taking FFT and finding the peaks of magnitudes), we have
nonlinear equations such as (4) and we aim to estimate the DOAs, i.e. θ i , from the nonlinear equations (4).
B. Ambiguities
If we have two targets, we have only one nonlinear equation. Hence, we are unable to accurately estimate the two DOAs. Considering one target as a reference target at a low angle similar to the technique suggested in [11] , we can find the DOA of the other target assuming that the DOA is in the range [0
. If the DOA of the target is in the range [90
• ], we can use another array with the reference target at θ i = 180
• . Hence, for removing the ambiguity of the targets whose DOA's are in [90
• ], which arises due to the absolute value operator in (4), we use another array with the reference target at θ = 180
• . Therefore, after all, we restrict ourselves to DOA's in the range [0
If there are more than two targets the ambiguities are still not resolved. To cope with this problem, the authors in [11] proposed to use multiple reference targets. In this letter, we instead suggest to use only one high amplitude reference target at a low angle. If the echo from this reference target is sufficiently large, the amplitudes of the cross term between this target and other targets are larger than the others. Hence, by finding the K largest peaks of the FFT spectrum we can find the corresponding DOA of the targets. We have K largest peaks atf
If the reference target is assumed at a low angle (i.e., θ ref ≈ 0), the DOAs are estimated via the following formulâ
In deriving (6), it is assumed that the amplitude of cross term of reference target (target 1) is larger than the amplitude of other cross terms from other non-reference targets i.e.
where DR is the dynamic range of the return amplitudes. Therefore, if we put synthetically an strong enough reference target at low angles, we could be certain that the K largest peaks in the spectrum is related to the pair of reference target and other targets.
C. Virtual Array
As we explained earlier, the main idea of the proposed frequency estimation-based algorithm is to consider the array element index as time index, or we consider the magnitude squared of the array output as a superposition of some spatial frequencies. Since the accuracy of the frequency estimation algorithms improves with the signal length (i.e. N number of elements), we need many elements to yield good results. Increasing the number of array elements, increases the complexity of the algorithm. However, we aim to accurately estimate DOAs with a limited number of array elements. Towards that end, we suggest to virtually add some elements to the array, which is feasible thanks to the classical sampling theorem. Consider a time-continuous magnitude squared signal as
where a n = a(nT ) in (3) is a sampled version of a(s) in (7) with sampling interval T = 1. According to classical sampling theorem, if the sampling frequency is higher than two times the bandwidth, the signal can be reconstructed from the discrete samples. Now, we have a signal a(s) with bandwidth BW =
, it is not difficult to ascertain that the sampling theorem requisite is satisfied. So, the continuous signal a(s) is exactly reconstructed from sinc interpolation which is the sum of sinc functions as follows
where the approximation is due to limited number of time samples of a(s). Therefore, if the complexity allows us, we can increase the number of array elements.
D. Coherent Integration for Multiple Snapshots
Although the proposed algorithm is based on only one snapshot, to further improve the accuracy of DOA estimation or to exploit the data of multiple snapshots, we can use multiple snapshots. To decrease the effect of noise, we suggest to coherently integrate the multiple snapshots similar to radar signal processing [18] .
IV. SIMULATION RESULTS
This section presents the simulation results to illustrate the performance of the proposed non-coherent DOA estimation method. In all experiments, three targets (K = 3) are present with the reference target at θ ref = 0. The two other targets are assumed to be at θ i ∈ [10
For reference, the results of the non-coherent algorithm is compared to the coherent DOA estimation, which is solved by applying the orthogonal matching pursuit (OMP) algorithm [17] , [11] . The number of angle bins is N θ = 200 which is uniformly spaced over [0
The spacing between elements in the linear array is assumed to be λ 2 . Unless otherwise stated, the phase error is γ n,i (t) = 0. The reference target and the unknown targets have the amplitudes |x n,i (t)| = 100 for i = 1 and |x n,i (t)| = 1 for i = 1, respectively. Signals received from the targets are added to white complex Gaussian noise with zero mean and variance σ 2 v . Similar to [11] , the SNR per sensor is then defined as SNR = −10 log 10 σ 2 v . The performance metric to measure the performance is the Mean Square Error (MSE) of estimated angles of non-reference targets (i = 1) which is averaged over the number of experiments:
where M , θ i,r , andθ i,r are the number of independent runs, different random angles of targets, and the estimated angles of targets, respectively. In the first experiment, we compare the proposed noncoherent DOA estimation method with the coherent case and non-coherent DOA estimation method proposed in [11] , when the number of array elements varies. The variance of noise is assumed to be σ 2 v = 0.04, i.e. SNR ≈ 14dB. Figure. 1 shows the MSE versus the number of array elements for three versions of the proposed non-coherent DOA estimation method, the non-coherent DOA estimation method (denoted as noncoherent GESPAR) of [11] , and the coherent DOA estimation method. Three versions of the proposed non-coherent DOA estimation methods are without virtual array and with coherent integration (with five snapshots integrated), with virtual array (with increasing the number of array elements with a factor of two), and with both virtual array (by an increasing factor of two) and with coherent integration (with five snapshots integrated). The number of snapshots for coherent and noncoherent GESPAR is also five. It is seen that using virtual array slightly improves the performance and using coherent integration has no effect on the performance of the proposed noncoherent DOA estimation. The proposed method with virtual array performs almost as well as non-coherent GESPAR method, while its computational cost is much lower compared to non-coherent GESPAR method (See Fig. 4) . It is also observed that increasing the number of array elements improves the performance of the non-coherent methods and has no effect on the performance of coherent DOA estimation method. Needless to say that the performance of the coherent DOA estimation depends on the number of angle beams N θ .
In the second experiment, the effect of noise on the performance of the DOA estimation is studied. The number of array elements is n = 200. The results of MSE versus SNR for the proposed non-coherent DOA estimation (using both integration and virtual array with exactly the same settings as the first experiment), the non-coherent GESPAR method [11] , and the coherent DOA estimation (with N θ = 200) are shown in Fig. 2 . It shows that the performance of the proposed noncoherent DOA estimation method improves by increasing the SNR for SNR < 5 dB. Also the proposed non-coherent DOA estimation outperforms the non-coherent GESPAR method for SNR < 10 dB. However, for SNR ≥ 10 dB increasing the SNR has no effect on the performance and it seems that the performance is restricted by the number of array elements and the inherent limitations of the non-coherent DOA estimation. The non-coherent GESPAR method [11] slightly outperforms our proposed method for SNR ≥ 10 dB.
The third experiment investigates the effect of phase errors on the performance of the DOA estimation. In this experiment, the phase errors γ n,i (t) are drawn from a uniform distribution in [0, PhaseError]. The number of array elements is n = 200. Figure. 4 shows the MSE versus phase error for non-coherent and coherent DOA estimation methods. It is seen that when the phase error is approximately larger than 13 degrees, the proposed non-coherent DOA estimation method outperforms the coherent DOA estimation method. Moreover, the noncoherent GESPAR method slightly outperforms the proposed non-coherent DOA estimation method. It is also observed that phase errors have no effect on the performance of non-coherent DOA estimation methods, while the performance of coherent DOA estimation starts to collapse for phase errors larger than 25 degrees. This experiment illustrates the benefit of the noncoherent DOA estimation in comparison to the coherent case.
The last experiment which investigates the relative complexity (or speed) of the proposed non-coherent DOA estimation, is exactly the same as the first experiment. Figure. 4 presents the average runtime for the three versions of the proposed non-coherent DOA estimation methods, coherent method and non-coherent GESPAR method, when the number of array elements varies. The simulation has been performed in MAT-LAB environment using an Intel 3.10-GHz processor with 8 GB of RAM and under Windows operating system. Figure. 4 demonstrates the superior speed of the proposed non-coherent DOA estimation method. It is two orders of magnitude faster than the non-coherent GESPAR method, while it performs almost as well as the non-coherent GESPAR method. 
V. CONCLUSION
In this letter, a new algorithm for the problem of noncoherent DOA estimation is proposed. It is essentially based on the harmonic estimation of the magnitude squared of the array sensor output. Considering the magnitude of the array elements as a function of element indexes, this function is composed of some harmonics where the frequency of each harmonic is related to the DOAs by nonlinear equations. By assuming the existence of a strong (or high amplitude) reference target at a low angle (e.g, zero angle), the nonlinear equations can be solved with no ambiguity and hence DOA's can be estimated. Two other ideas for improving the accuracy of the frequency estimation-based algorithm are presented. The first is to use a virtual array to increase virtually the number of array elements and the second is to use coherent integration for utilizing the data of multiple snapshots simultaneously. Simulation results show the better performance of the proposed non-coherent method than the non-coherent GESPAR for low SNR regime while non-coherent GESPAR slightly outperforms the proposed algorithm for high SNR regime. Moreover, simulation results show that the proposed frequency estimation-based algorithm is about two orders of magnitude faster than the non-coherent GESPAR method.
